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a b s t r a c t
Consider the following non-autonomous first order functional difference equation
∆x(n) = a(n)x(n)− λh(n)f (n, x(n), x(n− τ1(n)), . . . , x(n− τm(n)))+ r(n),
n ∈ Z .
It is shown that, under certain assumptions, there exist positive periodic solutions.
Applications are given to illustrate the main results.
© 2008 Elsevier Ltd. All rights reserved.
1. Introduction
Consider the first order functional difference equation
∆x(n) = a(n)x(n)− λh(n)f (n, x(n), x(n− τ1(n)), . . . , x(n− τm(n)))+ r(n), n ∈ Z, (1)
where Z is the set of all integers, λ > 0 a parameter, a:Z → R, h:Z → R+, r:Z → R, τi:Z → Z (i = 1, . . . ,m), and
f :Z × Rm+1 → R+ are T -periodic sequences about n, and f (n, x0, . . . , xm) is continuous in (x0, . . . , xm).
Although the behavior of solutions and existence of periodic solutions of functional difference equations have been
extensively studied by many authors, there exist many unsolved problems, see the Refs. [1–10]. This is the motivation of
this paper. We now discuss briefly several of the appropriate papers on the topic.
In paper [1], Zhang, Wang, Chen and Wu studied the existence of periodic solutions of an equation without delay
x(n+ 1) = µx(n)
(
1− 1
k
x(n)
)
+ b(n), n ∈ Z (2)
under the assumptions that µ ∈ (1, 2), |b(n)| < (µ−1)24µ k hold for all n ∈ Z . Eq. (2) is a special case of Eq. (1).
In [2], Parhi considered the delay difference equation
y(n+ 1)− y(n)+ qnG(y(n− k)) = b(n), n ∈ Z . (3)
Oscillatory and asymptotic behavior of solutions of Eq. (3) were studied.
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In [3], Liu and Ge considered the delay difference equation
y(n+ 1)− y(n) = pnf (y(n− k))+ r(n), n ∈ Z, (4)
where p(n) is non-negative, r(n) is a real number sequence. Suppose limx→0 f (x)x = −b < 0 and xf (x) < 0 and |f (x)| ≤ γ |x|
for all x 6= 0. They proved that if
µ = γ
n∑
s=n−k
ps <
3
2
+ 1
2(k+ 1) ,
+∞∑
s=1
ps = +∞, lim
n→+∞
rn
pn
= 0,
then every solution of Eq. (4) tends to zero as n tends to infinity.
In [4], Li and Zhu studied the existence of positive periodic solutions of the difference equationN(n+ 1) = N(n) exp
(
r(n)
(
1− N(n−m1)
k(n)
− c(n)µ(n)
))
, n ∈ Z,
∆µ(n) = −a(n)µ(n)+ b(n)N(n−m2), n ∈ Z .
(5)
Let N(n) = exp(x(n)), system (5) becomes
x(n+ 1)− x(n) = r(n)− r(n)
k(n)
ex(n−m) − r(n)c(n)(Φ1x)(n), (6)
where
(Φ1x)(n) =
n+T−1∑
s=n
G(n, s)b(s)ex(s−m)
with
G(n, s) =
n+T−1∏
u=s+1
(1− a(u))
1−
n+T−1∏
u=n
(1− a(u))
for s ∈ [n, n+ 1, . . . , n+ T − 1]. (7)
Our aims in this paper are as follows:
• first, to establish existence criterion for positive T -periodic solutions of (1), we allow τi(n) and a(n) to be either greater
than 0 or less than 0 or oscillatory about zero and this is where the main novelty of this work lies;
• then, to apply main theorems to the biological models (2), (4) and (6), respectively.
We give the assumptions, which will be used in the theorems in subsequent sections.
(A1). a:Z → R is T -periodic with a(n) < 1 and∏n+T−1j=n (1− a(s)) ≡ constant < 1 for all n ∈ Z;
(A2). f :Z × Rm+1+ → R+ is continuous with respect to u = (x0, . . . , xm+1), T -periodic with respect to the first variable,
f (n, u) 6≡ 0, lim|u|→+∞ f (t, u)/|u| = N ∈ (0,+∞] uniformly on [0, T − 1], where |u| =∑ms=0 |xi|;
(A3). h:Z → R+ is a sequence with period T ;
(A4). τi:Z → Z , i = 1, . . . ,m, are T -periodic;
The remainder of this paper is organized as follows. In Section 2, we give the main results. In Section 3, the applications
to Eqs. (2), (4) and (6) are presented.
2. Main results
First, let X = {x(n) : x(n+ T ) = x(n) for all n ∈ Z} be endowed with the norm ‖x‖ = maxn∈[0,T−1] |x(n)|. It is easy to see
that X is a real Banach space.
Suppose that (A1) holds. Denote
a−(n) = min{1, 1− a(n)}, a+(n) = max{1, 1− a(n)},
σ =

1, T = 1,
T−1∏
j=0
a−(j)[a+(s)]−1, T ≥ 2,
P = {x ∈ X : x(n) ≥ σ‖x‖ for all n ∈ [0, T − 1]},
Then P is a cone of space X .
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The homogeneous equation associated with Eq. (1) is given by
∆x(n) = −a(n)x(n)+ λh(n)f (n, x(n), x(n− τ1(n)), . . . , x(n− τm(n))), n ∈ Z . (8)
Let µ(n) be a T -periodic sequence, consider the equation
∆x(n) = −a(n)x(n)+ µ(n), n ∈ Z . (9)
Lemma 2.1 ([5]). Assume (A1), (A3), (A4) hold. Then x ∈ X is a solution of Eq. (9) if and only if
x(n) =
n+T−2∑
s=n
G(n, s)µ(s)+ 1
1−
T−1∏
j=0
(1− a(s))
µ(n− 1), n ∈ Z . (10)
Lemma 2.2 ([5]). Assume (A1), (A3), (A4) hold, µ(n) is non-negative. Then x ∈ P.
Now, we present the main results.
Theorem 2.1. Suppose that (A1)–(A4) hold and N ∈ (0,+∞) defined in (A2). Then Eq. (1) has at least one positive T-periodic
solution if λ ∈ (A, B], where A and B are defined by
A = 2
Nσ
1−
T−1∏
j=0
(1− a(j))
T−1∏
j=0
a−(j)
n+T−1∑
n=0
h(n)
and
B = R0
σM1
1−
T−1∏
j=0
(1− a(j))
T−1∏
j=0
a+(j)
n+T−1∑
n=0
h(n)
,
R(n) =
n+T−2∑
s=n
G(n, s)r(s)+ 1
1−
T−1∏
j=0
(1− a(j))
r(n− 1), R0 = ‖R‖,
g(n, u) =
f (n, u), (n, u) ∈ [0, T − 1] × [0,+∞)
m+1,
f
(
n,
1+ sign(x0)
2
x0, . . . ,
1+ sign(xm)
2
xm
)
, (n, u) ∈ [0, T − 1] × Rm+1 \ [0, T − 1] × [0,+∞)m+1,
and
M1 = max
(n,u)∈[0,T−1]×[0,R0(σ+1)/σ ]m+1
g(n, u).
Proof. It is easy to know that R(n) satisfies
∆x(n) = −a(n)x(n)+ r(n), n ∈ Z . (11)
Now, consider
∆y(n) = −a(n)y(n)+ λh(n)f (n, v(n), v(n− τ1(n)), . . . , v(n− τm(n))), n ∈ Z, (12)
where v(n) = y(n)+ R(n) for all n ∈ Z .
Then (1) has a positive T -periodic solution x(n) if and only if y(n) = x(n) − R(n) is a T -periodic solution of (12) and
y(n)+ R(n) > 0 for all n ∈ N . Suppose (A1) holds. Define the operator Q : X → X . For x ∈ X , let Q be
Q • x(n) =
n+T−2∑
s=n
G(n, s)f (n, v(n), v(n− τ1(n)), . . . , v(n− τm(n)))+ 1
1−
T−1∏
j=0
(1− a(s))
× f (n− 1, v(n− 1), v(n− 1− τ1(n− 1)), . . . , v(n− 1− τm(n− 1))), n ∈ Z .
It is easy to see, from (A2), that Q is completely continuous and QK ⊂ K by the same methods used in Lemma 2.1.
2250 X. Liu, Y. Liu / Computers and Mathematics with Applications 56 (2008) 2247–2255
Step 1. Set Ω1 = {x ∈ X : ‖x‖ < R0/σ }. Then one finds ‖y(n) + R(n)‖ ≤ ‖y‖ + ‖R‖ = R0(σ + 1)/σ and
y(n)+ R(n) ≥ σ‖y‖ − ‖R‖ = 0 if y ∈ K ∩ ∂Ω1. Then
f (n, v(n), v(n− τ1(n)), . . . , v(n− τm(n))) ≤ M1.
So
Q • y(n) ≤ λM1
n+T−1∑
s=n
G(n, s)h(s)ds
≤ λM1
T−1∏
j=0
a+(j)
1−
T−1∏
j=0
(1− a(j))
T−1∑
n=0
h(n) (use λ ≤ B)
≤ R0
σ
= ‖y‖,
i.e., ‖Q • y‖ ≤ ‖y‖ for all y ∈ K ∩ ∂Ω1.
Step 2. Since N ∈ (0,+∞) and λ > A, choose  > 0 such that
λ(N − )
2
T−1∏
j=0
a−(j)
1−
T−1∏
j=0
(1− a(j))
T−1∑
n=0
h(n) ≥ 1
σ
.
Let u = (x0, . . . , xm). By (A2), one can choose H > R0/σ > R0 such that
g(n, u)
|u| =
f (n, u)
|u| > N −  for n ∈ [0, T − 1] and |u| =
m∑
s=0
|xi| ≥ H.
SetΩ2 = {x ∈ X : ‖x‖ < (H + R0)/σ }. We find, for y ∈ K ∩ ∂Ω2, that
y(n)+ R(n) ≥ σ‖y‖ − R0 ≥ σ H + R0
σ
− R0 = H.
Then
Q • y(n) ≥ λ
n+T−1∑
s=n
G(n, s)h(s)(N − )[y(n− τ(n)+ R(n− τ(n)))]ds
≥ λ(N − )
n+T−1∑
s=n
G(n, s)h(s)(σ‖y‖ − R0)ds
≥ λH(N − )
T−1∏
j=0
a−(j)
1−
T−1∏
j=0
(1− a(j))
n+T−1∑
n=0
h(n)
≥ λ(N − )H + R0
2
T−1∏
j=0
a−(j)
1−
T−1∏
j=0
(1− a(j))
n+T−1∑
n=0
h(n)
≥ H + R0
σ
= ‖y‖,
i.e., ‖Q • y‖ ≥ ‖y‖ for y ∈ P ∩ ∂Ω2. Hence Q has at least one fixed point y such that R0/σ ≤ ‖y‖ ≤ (H + R0)/σ , so y(n) is a
T -periodic solution of (12).
On the other hand,
y(n)+ R(n) > σ‖y‖ − R0 ≥ σ R0
σ
− R0 = 0.
So, x(n) = y(n)+ R(n) is a positive T -periodic solution of Eq. (1). 
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Remark 1. If limx→+∞ f (t, u)/|u| = +∞ uniformly on [0, T − 1], we get:
Theorem 2.2. Suppose that (A1)–(A4) hold. Then Eq. (1) has at least one positive T-periodic solution if λ ∈ (0, B], where B is
defined in Theorem 2.1.
Proof. We only consider:
Step 2 Since N = +∞ and λ > 0, chooseM > 0 sufficiently large such that
λM
2
T−1∏
j=0
a−(j)
1−
T−1∏
j=0
(1− a(j))
T−1∑
n=0
h(n) ≥ 1
σ
.
Let y = (x0, . . . , xm). By (A2), one can choose H > R0/σ > R0 such that
g(n, y)
|y| =
f (n, y)
|y| > M for n ∈ [0, T − 1] and y ≥ H.
SetΩ2 = {x ∈ X : ‖x‖ < (H + R0)/σ }. We find, for y ∈ K ∩ ∂Ω2, that
y(n)+ R(n) ≥ σ‖y‖ − R0 ≥ σ H + R0
σ
− R0 = H.
Then
Q • y(n) ≥ λ
n+T−1∑
s=n
G(n, s)h(s)(N − )[y(n− τ(n)+ R(n− τ(n)))]ds
≥ λM
n+T−1∑
s=n
G(n, s)h(s)(σ‖y‖ − R0)ds
≥ λHM
T−1∏
j=0
a−(j)
1−
T−1∏
j=0
(1− a(j))
n+T−1∑
n=0
h(n)
≥ λMH + R0
2
T−1∏
j=0
a−(j)
1−
T−1∏
j=0
(1− a(j))
n+T−1∑
n=0
h(n)
≥ H + R0
σ
= ‖y‖,
i.e., ‖Q • y‖ ≥ ‖y‖ for y ∈ P ∩ ∂Ω2. Hence Q has at least one fixed point y such that R0/σ ≤ ‖y‖ ≤ (H + R0)/σ , so y(n) is a
T -periodic solution of (12).
The remainder of the proof of this theorem is just similar to that of Theorem 2.1 and is omitted. 
Remark 2. Consider the equation
∆x(n) = a(n)x(n)− λh(n)f (n, x(n), x(n− τ1(n)), . . . , x(n− τm(n)))+ r(n), n ∈ Z, (13)
where Z is the set of all integers, λ > 0 a parameter, a:Z → R, h:Z → R+, r:Z → R, τi:Z → Z (i = 1, . . . ,m), and
f : Z × Rm+1 → R+ are T -periodic functions about the variable t , and f (t, x0, . . . , xm) is continuous in (x0, . . . , xm).
Suppose:
(B1). a:Z → R is T -periodic with a(n) > −1 and∏n+T−1j=n (1+ a(s)) ≡ constant > 1 for all n ∈ Z;
(B2). f :Z × Rm+1+ → R+ is continuous with respect to u = (x0, . . . , xm+1), and T -periodic with respect to the first variable
and f (n, u) 6≡ 0 with respect to the first variable and f (n, u) 6≡ 0 with lim|u|→+∞ f (t, u)/|u| = N ∈ (0,+∞]
uniformly on [0, T − 1], where |u| =∑ms=0 |xi|;
We have the results. The proofs are similar to those of Theorems 2.1 and 2.2, respectively and are omitted.
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Theorem 2.3. Suppose that (A1)–(A4) hold and N ∈ (0,+∞) defined in (A2). Then Eq. (13) has at least one positive T-periodic
solution if λ ∈ (A, B], where
a+(n) = max{1, 1+ a(n)}, a−(n) = min{1, 1+ a(n)},
A = 2
Nσ
T−1∏
j=0
(1+ a(j))− 1
T−1∏
j=0
a−(j)
n+T−1∑
n=0
h(n)
and
B = R0
σM1
T−1∏
j=0
(1+ a(j))− 1
T−1∏
j=0
a+(j)
n+T−1∑
n=0
h(n)
,
R(n) =
n+T−2∑
s=n
G1(n, s)r(s)+ 1T−1∏
j=0
(1+ a(j))− 1
r(n− 1), R0 = ‖R‖,
G1(n, s) =
n+T−1∏
u=s+1
(1+ a(u))
n+T−1∏
u=n
(1+ a(n))
, s ∈ [n, . . . , n+ T − 1],
g(n, u) =
f (n, u), (n, u) ∈ [0, T − 1] × [0,+∞)
m+1,
f
(
n,
1+ sign(x0)
2
x0, . . . ,
1+ sign(xm)
2
xm
)
, (n, u) ∈ [0, T − 1] × Rm+1 \ [0, T − 1] × [0,+∞)m+1,
and
M1 = max
(n,u)∈[0,T−1]×[0,R0(σ+1)/σ ]m+1
g(n, u).
Theorem 2.4. Suppose that (A1)–(A4) hold. Then Eq. (13) has at least one positive T-periodic solution if λ ∈ (0, B], where B is
defined in Theorem 2.3.
3. Applications
In this section, we apply our main results to Eqs. (2), (4) and (6), respectively.
Change Eq. (2) to
∆x(n) = (µ− 1)x(n)− µ
k
[x(n)]2 + b(n), n ∈ Z .
We note that µ ∈ (1, 2) implies µ− 1 ∈ (0, 1). Consider the more general equation
∆x(n) = a(n)x(n)− λh(n)[x(n− τ)]m + b(n), n ∈ Z, (14)
where m, τ ∈ N and a(n) is a T -periodic sequence with a(n) > −1 and∏T−1n=0(1 + a(n)) > 1, h(n) is a positive T -periodic
sequence. Corresponding to Eq. (13), f (n, x) = xm.
Theorem 3.1. Eq. (14) has at least one positive T-periodic solution if m > 1 and λ ∈ (0, B], B is defined by
B = R0σ
m−1
(σ + 1)m
T−1∏
j=0
(1+ a(j))− 1
T−1∏
j=0
a+(j)
n+T−1∑
n=0
h(n)
,
where
R(t) =
n+T−1∑
s=n
G1(n, s)r(s), R0 = ‖R‖.
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Proof. Let f (x) = xm. The proof follows from Theorem 2.4 easily.
If f (x) ≥ 0 for all x ∈ R+, we change Eq. (4) to
∆y(n) = −µy(n)+ [pnf (y(n− k))+ µy(n)] + r(n), n ∈ Z, (15)
where 0 < µ < 1 is a constant, p(n) is a non-negative T -periodic sequence, r(n) is a T -periodic sequence, k ∈ Z , f : R → R+
is continuous.
If f (x) ≤ 0 for all x ∈ R+, we can change Eq. (4) to
∆y(n) = µy(n)− [−pnf (y(n− k))+ µy(n)] + r(n), n ∈ Z, (16)
where 0 < µ < 1 is a constant, p(n) is a non-negative T -periodic sequence, r(n) is a T -periodic sequence, k ∈ Z , f : R → R+
is continuous. 
Theorem 3.2. Eq. (15) has at least one positive T-periodic solution if
lim|x0|+|x1|→+∞
min
n∈[0,T−1]
µx0 + p(n)f (x1)
|x0| + |x1| = N ∈ (0,+∞],
and
2
Nσ
1− (1− µ)T
(1− µ)T
n+T−1∑
n=0
h(n)
< 1 ≤ R0
σM1
1− (1− µ)T
n+T−1∑
n=0
h(n)
,
where
R(t) =
n+T−1∑
s=n
G(n, s)r(s), R0 = ‖R‖,
g(n, x0, x1) =

µx0 + p(n)f (x1), (t, x0, x1) ∈ [0, T − 1] × [0,+∞)2,
p(n)f (0), (t, x0, x1) ∈ [0, T − 1] × (−∞, 0)2,
µx0 + p(n)f (0), (t, x0, x1) ∈ [0, T − 1] × [0,+∞)× (−∞, 0),
p(n)f (x1), (t, x0, x1) ∈ [0, T − 1] × (−∞, 0)× [0,+∞),
and
M1 = max
(n,x0,x1)∈[0,T−1]×[0,R0(σ+1)/σ ]m+1
g(n, x0, x1).
Proof. It follows from Theorems 2.1 and 2.2 and is omitted. 
Theorem 3.3. Eq. (16) has at least one positive T-periodic solution if
lim|x0|+|x1|→+∞
min
n∈[0,T−1]
µx0 + p(n)f (x1)
|x0| + |x1| = N ∈ (0,+∞],
and
2
Nσ
(1+ µ)T − 1
n+T−1∑
n=0
h(n)
< 1 ≤ R0
σM1
(1+ µ)T − 1
(1+ µ)T
n+T−1∑
n=0
h(n)
,
where
R(t) =
n+T−1∑
s=n
G1(n, s)r(s), R0 = ‖R‖,
g(n, x0, x1) =

µx0 − p(n)f (x1), (t, x0, x1) ∈ [0, T − 1] × [0,+∞)2,
−p(n)f (0), (t, x0, x1) ∈ [0, T − 1] × (−∞, 0)2,
µx0 − p(n)f (0), (t, x0, x1) ∈ [0, T − 1] × [0,+∞)× (−∞, 0),
−p(n)f (x1), (t, x0, x1) ∈ [0, T − 1] × (−∞, 0)× [0,+∞),
and
M1 = max
(n,x0,x1)∈[0,T−1]×[0,R0(σ+1)/σ ]m+1
g(n, x0, x1).
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Proof. It follows from Theorems 2.3 and 2.4 and is omitted. 
Choose µ > −1, change Eq. (6) to
∆x(n) = µx(n)−
[
µx(n)+ r(n)
k(n)
ex(n−m) + r(n)c(n)(Φ1x)(n)
]
+ r(n), n ∈ Z . (17)
Theorem 3.4. Eq. (17) has at least one positive T-periodic solution if µ > 0, then (1 + µ)T > 1, and f (n, x0, . . . , xT ) =
µxT + r(n)k(n)ex0 + r(n)c(n)
∑n+T−1
s=n G(n, s)b(s)exs−n and
lim|x0|+···+|xT |→+∞
min
n∈[0,T−1]
µxT + r(n)k(n)ex0 + r(n)c(n)
n+T−1∑
s=n
G(n, s)b(s)exs−n
T−1∑
s=0
|xs|
= +∞,
and
R0
σM1
(1+ µ)T − 1
(1+ µ)T
n+T−1∑
n=0
h(n)
≥ 1,
where
R(t) =
n+T−1∑
s=n
G1(n, s)r(s), R0 = ‖R‖,
g(n, x0, . . . , xT ) =

µxT + r(n)k(n)e
x0 + r(n)c(n)
n+T−1∑
s=n
G(n, s)b(s)exs−n , (t, x0, . . . , xT ) ∈ [0, T − 1] × [0,+∞)T+1,
f
(
n,
sign(x0)+ 1
2
x0, . . . ,
sign(xT )+ 1
2
xT
)
,
(t, x0, . . . , xT ) ∈ [0, T − 1] × RT+1 \ [0, T − 1] × [0,+∞)T+1,
and
M1 = max
(n,x0,...,xT )∈[0,T−1]×[0,R0(σ+1)/σ ]T+1
g(n, x0, . . . , xT ).
Proof. It follows from Theorem 2.4 and is omitted. 
4. Final remarks
The existence of positive periodic solutions of the non-autonomous, first order difference equations having discrete time
dependent delays is studied in this paper. These equations, the functional equations, domodel important phenomena in the
natural and engineering sciences. The ‘‘mathematically inspired examples’’ are given in the Introduction section, but it is
easy to find many applications and actual examples of these equations. The readers should refer to the text book [7].
Due to the actual applications, we establish the sufficient conditions guaranteeing the existence of positive periodic
solutions. It is interesting to get the multiplicity results for the positive periodic solutions of these functional difference
equations and to study the stability properties of the periodic solutions.
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